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Abstract
We show that the transverse-momentum-dependent parton distribution, called as Pretzelosity func-
tion, is zero at any order in perturbation theory of QCD for a single massless quark state. This implies
that Pretzelosity function is not factorized with the collinear transversity parton distribution at twist-
2, when the struck quark has a large transverse momentum. Pretzelosity function is in fact related
to collinear parton distributions defined with twist-4 operators. In reality, Pretzelosity function of a
hadron as a bound state of quarks and gluons is not zero. Through an explicit calculation of Pret-
zelosity function of a quark combined with a gluon nonzero result is found.
Transverse-Momentum-Dependent(TMD) parton distributions contain novel information of three-
dimensional structure inside a hadron. These parton distributions can be extracted from high energy
processes like Drell-Yan- and SIDIS processes, where differential cross-sections are predicted with TMD
parton distributions according to TMD factorization theorems studied in [1, 2, 3, 4]. With recent pro-
gresses in [5, 6] it is possible to calculate the TMD parton distributions with Lattice QCD.
In general TMD parton distributions can not be calculated with perturbative theory of QCD. However,
one can predict properties of TMD paron distributions with perturbative QCD if the struck quark has a
large transverse momentum k⊥. E.g., the k⊥-dependence of the TMD unpolarized parton distribution of
an unpolarized hadron can be predicted with pertubative QCD in the case of k⊥ ≫ ΛQCD in [1, 3]. In this
case, the TMD parton distribution takes a factorized form as a convolution of a perturbative coefficient
function with the corresponding parton distribution in collinear factorization. The k⊥-dependence is
determined only by the perturbative coefficient function. Assuming the so called Pretzelosity TMD
parton distribution of a transversely polarized hadron can be factorized with the transversity parton
distribution in collinear factorization, it is found in [7, 8] that the perturbative coefficient function is zero
at the leading order of αs. From [9] the function is still zero at next-to-leading order.
In this letter we show that the perturbative coefficient function in the matching of Pretzelosity func-
tion to the transversity is zero at all orders of perturbative QCD. The matching calculation is in fact
the calculation of Pretzelosity function of a transversely polarized quark. Our result also implies that
Pretzelosity function of a transversely polarized quark is zero at any order. The interpretation of our
result depends on how collinear divergences are regularized. Although Pretzelosity function of a single
quark is zero, it does not imply that the function of a hadron is zero. Through an explicit calculation,
we show that the function of a state consisting of a quark combined with a gluon is not zero. We also
show that Pretzelosity function is factorized with parton distributions defined with twist-4 operators.
We will use the light-cone coordinate system, in which a vector aµ is expressed as aµ = (a+, a−,~a⊥) =
((a0 + a3)/
√
2, (a0 − a3)/√2, a1, a2) and a2⊥ = (a1)2 + (a2)2. Two light-cone vectors are introduced:
1
nµ = (0, 1, 0, 0) and lµ = (1, 0, 0, 0). With the two vectors one can define the metric in the transverse
space as gµν⊥ = g
µν − nµlν − nνlµ.
It is well-known that there are light-cone singularities if one defines TMD parton distributions with
gauge links along light-cone directions. We regularize the singularities as in [1, 3] by introducing the
gauge link slightly off light-cone direction:
Lu(ξ) = P exp
(
−igs
∫ ∞
0
dλu ·G(λu + ξ)
)
, (1)
with uµ = (u+, u−, 0, 0) and u− ≫ u+. With the small- but finite u+ light-cone singularities are reg-
ularized. There are different regularizations of the singularities, e.g., those in [10, 11, 12]. Different
regularizations will not affect on our results. The classifications of TMD parton distributions have been
studied in [3, 15, 16, 17, 18, 19]. We are interested in two TMD parton distributions at leading power or
twist-2. These two TMD parton distributions are defined with a chirality-odd operator for a transversely
polarized hadron h:
Mµ(x, k⊥) =
∫
dξ−d2ξ⊥
(2π)3
e−ixξ
−P+−iξ⊥·k⊥〈h(P, S⊥)|ψ¯(ξ)L†u(ξ)
(
iγ5σ
+µ
)
Lu(0)ψ(0)|h(P, S⊥)〉
∣∣∣∣
ξ+=0
=
(
kµ⊥k
ν
⊥ +
gµν⊥
2
k2⊥
)
S⊥νh
⊥
1T (x, k⊥)− Sµ⊥h1(x, k⊥), (2)
where the hadron h moves in the z-direction with the momentum Pµ = (P+, P−, 0, 0). It is transversely
polarized with the transverse spin vector S⊥. h1 is the transversity TMD parton distribution and the
TMD parton distribution h⊥1T is called as Pretzelosity function. We work with Feynman gauge which is
a non-singular gauge. In singular gauges transverse gauge links at ξ− =∞ should be added to make the
density matrix gauge invariant[20, 21]. Pretzlosity function can be extracted by studying the so-called
sin(3φh − φs)-asymmetry in SIDIS. Relevant activities in experiment and modelling the function can be
found in [24] and references within.
With the non light-cone gauge links, the defined TMD parton distributions have I.R.-divergent con-
tributions. A part of them comes from gluon exchanges between gauge links. This part does not exist in
physical processes. These I.R.-divergent contributions need to be subtracted. This can be done by intro-
ducing a soft factor as shown explicitly in [1, 3]. Another option is by taking gauge links in Eq.(2) along
light-cone directions. The light-cone singularities are subtracted by a different soft factor introduced in
[13]. The difference between the definition in Eq.(2) and that in [13] is discussed in detail in [14]. After
the subtraction, the subtracted TMD parton distributions do not contain I.R. divergences. One can also
consider the TMD parton distributions in the transverse space or b-space by Fourier transformations:
h1(x, b) =
∫
d2k⊥e
ib·k⊥h1(x, k⊥), h
⊥
1T (x, b) =
∫
d2k⊥e
ib·k⊥h⊥1T (x, k⊥), (3)
where b is a two-dimensional vector bµ = (b1, b2). The I.R. divergences in TMD parton distributions
defined in b-space are cancelled.
In the collinear factorization, only one parton distribution at twist-2 is related to the transverse spin.
It is the transversity distribution qT introduced in [22, 23]:∫
dλ
2π
e−ixλP
+〈h(P, S⊥)|
(
ψ¯(λn)L†n(λn)
)
i
(
Ln(0)ψ(0)
)
j
|h(P, S⊥)〉 = 1
2Nc
(
iγ5σ
−µS⊥µqT (x)+ · · ·
)
ji
, (4)
where · · · denotes terms which are not related to the transverse spin or beyond twist-2. The gauge link
Ln here is along the light-cone direction nµ. For small b one expects the factorization, in which TMD
2
parton distributions can be factorized as a convolution of perturbative coefficient functions with collinear
parton distributions. In our case, it is:
h1(x, b) =
[
C1(b)⊗ qT
]
(x), h⊥1T (x, b) =
[
C⊥1T (b)⊗ qT
]
(x) (5)
where C1 and C
⊥
1T are perturbative coefficient functions. They are free from collinear singularities. The
matching or the factorization is given in the b-space. One can also formulate it in the momentum space.
In the case of k⊥ ≫ ΛQCD, one has:
h⊥1 (x, k⊥) =
[
C1(k⊥)⊗ qT
]
(x), h⊥1T (x, k⊥) =
[
C⊥1T (k⊥)⊗ qT
]
(x). (6)
It is noted that the perturbative coefficient functions C1(x, k⊥) and C
⊥
1T (x, k⊥) here are free from collinear
singularities but contain I.R. divergences. One can define in the momentum space the subtracted TMD
parton distributions by introducing the mentioned soft factor. The subtracted TMD parton distributions
have the same factorizations as in the above and the corresponding perturbative coefficient functions are
finite. We may call them as subtracted perturbative coefficient functions.
(a) (b) (c)
Figure 1: Diagrams for contributions from collinear parton distributions to TMD parton distributions.
The double lines represent gauge links.
It is interesting to note that the function C⊥
1T (x, b) was found to be zero at leading order of αs in [7, 8].
Recently it is found that it is still zero at next-to-leading order in [9]. We notice that the definition of
Pretzelosity function in [8, 9] is slightly different than that in Eq.(2). This difference will not change our
conclusions. At tree-level, the contribution to h⊥
1T (x, k⊥) is from Fig.1, where the black box represents
the density matrix in Eq.(4). With this density matrix parton lines connecting the black box, or the
struck partons, have zero transverse momenta. It is easy to find that the contribution is zero. Because
the projection from the bottom of diagrams in Fig.1 represented by the black box in Eq.(4) is with
iγ5σ
−µS⊥µ, the matching calculation is essentially the calculation of Pretzelosity function of a single
transversely polarized quark with the transverse spin S⊥. From the result of the calculation we obtain
the perturbative coefficient function by subtracting collinear divergences.
We replace the hadron h(P, S⊥) in Eq.(2) with a quark q(p, S⊥). Sandwiching the sum of all interme-
diate states
∑
X |X〉〈X| = 1, then we need to calculate the amplitude 〈X|L†u(0)q(0)|q(p, S⊥)〉 to obtain
TMD parton distributions of a single quark state. The amplitude takes the form:
〈X|L†u(0)ψ(0)|q(p, S⊥)〉 = Γ(x, k⊥, l, n,X)u(p, S⊥), (7)
where Γ is a matrix in Dirac-spinor space. It depends on the vector k⊥, l and n. The intermediate state
X can contain gluons and pairs of quark and antiquark. Hence, Γ also depends on momenta, polarization
3
vectors and spinors of particles in the intermediate state X. In the following we are only interested in the
matrix structure of Γ. We denote here the dependence on these momenta and wave functions of particles
in |X〉 collectively as X. The amplitude or Γ is calculated with perturbative theory to any order or is the
sum of all orders. Therefore, Γ also contains loop integrals. Γ consists of products of γ-matrices. After
loop integrations, the Lorentz indices of these γ-matrices are contracted with vectors like l, n and k⊥,
and also contracted e.g., with parton momenta and polarization vectors of gluons in |X〉, etc. Γ does not
have any Lorenz index as seen from Eq.(7). With the amplitude, we obtain the vector Mµ in Eq.(2):
Mµ(x, k⊥) =
∑
X
δ(p+ − xp+ − P+X )δ2(k⊥ − PX⊥)p+S⊥ν
Tr
[
iγ5σ
−νΓ¯(x, k⊥, l, n,X)iγ5σ
+µΓ(x, k⊥, l, n,X)
]
. (8)
The key observation is that in perturbative theory of QCD with massless quarks, the calculated matrix
Γ in Eq.(7) contains only terms which are products of γ-matrices of even numbers. The consequence of
this fact leads to the helicity conservation of perturbative QCD. In the amplitude there are contributions
in which the initial quark becomes one of partons in |X〉 after interactions. These contributions do not
contribute to Mµ because of that the helicity of the initial quark is flipped. Since Γ contains only terms
which are products of γ-matrices of even numbers, it can be expanded in the form:
Γ(x, k⊥, l, n,X) = IA(x, k⊥, l, n,X) + γ5B(x, k⊥, l, n,X) + iσ
αβCαβ(x, k⊥, l, n,X), (9)
where A and B are scalar functions, Cαβ is a tensor function and anti-symmetric in αβ. I is the unit
matrix in Dirac spinor space. Using Eq.(9) we have
Mµ(x, k⊥) = (· · ·) + S⊥νTr
[
γ5σ
−νσσργ5σ
+µσαβ
]
∑
X
δ(p+ − xp+ − P+X )δ2(k⊥ − PX⊥)p+C†σρ(x, k⊥, l, n,X)Cαβ(x, k⊥, l, n,X), (10)
where (· · ·) stands for terms involving A and B of Eq.(9). In order to have nonzero h⊥
1T , the trace in
Eq.(8) must have nonzero contributions proportional to kµ⊥k
ν
⊥. It is easy to find that the terms with A
or B will not give contributions to the pretzelosity h⊥1T . They can contribute to h1. Only the last term
contributes to h⊥1T . We denote the sum in the last line of Eq.(10) as:
Hαβσρ(x, k⊥, l, n) = p
+
∑
X
δ(p+ − xp+ − P+X )δ2(k⊥ − PX⊥)Cαβ(x, k⊥, l, n,X)C†σρ(x, k⊥, l, n,X). (11)
After the sum the tensor Hαβσρ only depends on the vector k⊥, l and n. The tensor can be decomposed
with tensors built with k⊥, l, n, g
µν and ǫµναβ . The tensor Hαβσρ is calculated at a given order of
perturbation theory or is sum of all orders. In order to obtain nonzero h⊥
1T , two indices of H
αβσρ must
be carried by two k⊥’s respectively, e.g., the term in the decomposition:
Hαβσρ(x, k⊥, l, n) = k
β
⊥k
ρ
⊥D
ασ(x, k⊥, l, n) + · · · , (12)
where the indices of Dασ do not carried by k⊥. One may decompose the tensor D
ασ with gασ or tensors
built with l and n. Using the decomposition one can show Pretzelosity function is zero. Or, one can
directly project out the function and obtain the contribution from Dασ to h
⊥
1T :
h⊥1T (x, k⊥) =
2
(k2⊥)
2
Dασ(x, k⊥, l, n)Tr
[(
k⊥µk⊥ν +
1
2
k2⊥g⊥µν
)
γ5σ
−νσσργ5σ
+µσαβk⊥βk⊥ρ
]
= 0. (13)
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For terms with the two k⊥’s in Eq.(12) carrying indices other than β or ρ the same result is obtained.
Therefore, we find that Pretzelosity function h⊥1T of a transversely polarized quark is zero. However, this
is true only if the function Dασ(x, k⊥, l, n) is finite. In general the function contains divergent terms.
The above result is derived in the space-time dimension d = 4. The trace term Tr[· · ·] with d = 4 in
Eq.(13) is zero. If we use dimensional regularization for all divergences, the trace term is not zero but
proportional to ǫ = 4− d. We have:
h⊥1T (x, k⊥) = (4− d)
(
16
(d− 2)k2⊥
Dασ(x, k⊥, l, n)(k
σ
⊥k
α
⊥ + k
2
⊥g
σα
⊥
)
+ · · ·
= ǫF (x, k⊥) (14)
where · · · denotes the contributions from terms with the two k⊥’s in Eq.(12) carrying indices other than
β or ρ. These contributions also have an overall factor 4 − d. Therefore, we can write the result in the
form as given in the second line of Eq.(14). This form is derived from the fact that the matrix Γ in Eq.(7)
only consists of products of γ-matrices of even numbers and the tensor structure of in the definition of
h⊥
1T . Again, the function F is calculated with perturbative theory to any order or the sum of all orders.
In general F contains pole terms in ǫ. In the limit ǫ → 0 one may obtain nonzero h⊥
1T . In this case the
interpretation of the above result can be changed. It depends on how divergences in F are regularized.
This needs to be discussed in detail.
It should be noted that U.V. poles in Dασ are already cancelled by counter terms. Therefore, Dασ
contains only pole terms representing collinear- and I.R. divergences. If we consider the subtracted TMD
parton distribution h⊥
1T (x, k⊥) or h
⊥
1T (x, b) in b-space, then the corresponding function F contains only
collinear divergences, because I.R. divergences are subtracted in the subtracted h⊥1T (x, k⊥) or cancelled in
h⊥1T (x, b). One can use a small quark mass m to regularize collinear divergences associated with quarks.
At the leading power of m, i.e., neglecting m in nominators of quark propagators, Γ in Eq.(7) still consists
of products of γ-matrices of even numbers. But, this does not regularize all collinear divergences in our
case. Because there is already one gluon with fixed momentum in |X〉 at the leading order, there can
be collinear divergences associated with gluons of |X〉. We regularize these divergences by taking all
gluons in |X〉 off-shell. The off-shellness is denoted as k2g . At the end, we take first the limit of m → 0
and then limit of k2g → 0. With this regularization, F is finite after the subtraction of U.V. poles, the
mentioned collinear divergences are represented by powers of lnm2 and ln k2g . One can now take d = 4
safely and obtain h⊥1T (x, b) and the subtracted h
⊥
1T (x, k⊥) of a single quark is zero in the limit m → 0.
They are suppressed at least by m2. One can also use a small but finite gluon mass to regularize I.R.-
and the collinear divergences associated with gluons of |X〉. In this case, F is already finite only after
the subtraction of U.V. poles. Then we obtain that h⊥1T (x, k⊥) is zero at the order of m
0 with ǫ = 0,
although there can be a problem with gauge invariance.
In the case of using the dimensional regularization for collinear divergences discussed in the above, the
interpretation of our result is different. In this case we can not conclude that h⊥
1T (x, b) or the subtracted
h⊥
1T (x, k⊥) is zero, because the corresponding function F still contains collinear poles like 1/ǫ
n with n ≥ 1
after subtraction of U.V. poles. Hence, h⊥
1T (x, k⊥) is in general divergent. One needs to carefully study
how collinear divergences are subtracted. A case similar to ours has been studied in [25]. From this
study we can conclude that the perturbative coefficient function C⊥
1T (x, b) is zero, or the perturbative
coefficient function in the matching of the subtracted h⊥
1T (x, k⊥) to qT (x) is zero. This can be explained
in the following way: To obtain the perturbative coefficient function in the factorization of h⊥1T , one needs
to find its perturbatively calculabe part. Only this part gives the contribution to C⊥1T in Eq.(5,6). We
can write the function F schematically in the form after subtractions of U.V.- and I.R. poles:
F (x, k⊥) = (pole part) + (finite part), (15)
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where the pole part contains all poles of 1/ǫn with n = 1, 2, 3, · · ·. These poles are collinear poles. They
come from collinear regions of loop momenta. The finite part here comes from hard regions of loop
momenta, it is perturbatively calculable. After subtraction of collinear poles, the remaining finite part
of F gives the contribution to the perturbatively calculable part of h⊥1T . Because the overall factor ǫ
in Eq.(14), the perturbatively calculable part of h⊥
1T is zero in the limit ǫ → 0. In b-space, F (x, b)
transformed from F (x, k⊥) takes the same form as that in Eq.(15). After the subtraction of U.V. poles,
it has only collinear poles. The perturbatively calculable part of h⊥
1T (x, b) is also zero in the limit ǫ→ 0
because of the overall factor ǫ. Therefore, the perturbative coefficient function C⊥
1T in Eq.(5,6) is always
zero at any order, or one can not factorize Pretzelosity function with the collinear transversity parton
distribution.
Explicit calculations of h⊥
1T have been given in [7, 8] at leading order and in [9] at next-to-leading-
or one-loop level. It is found that h⊥1T at leading order is proportional to ǫ and h1T at one-loop is at
order of O(ǫ0). These results agree with our result in Eq.(14). At tree-level, F is finite so that h⊥1T is
proportional to ǫ. At one-loop, F contains a single pole for collinear divergence. Therefore, h⊥1T is at
order of ǫ0. At two-loop level, h⊥1T will be divergent because F at two-loop contains double poles in ǫ.
The finite contribution at one-loop in the limit ǫ → 0 is in fact from collinear region of loop momenta
where the pole 1/ǫ in F appears. Hence, this contribution has to be subtracted. This results in that C⊥
1T
in Eq.(6) is zero as given in [9]. This result also implies that the collinear divergence or contribution in
F at one-loop is indeed reproduced that of one-loop qT (x) in Eq.(4) as expected from Eq.(5,6).
Although Pretzelosity function of a single massless quark is zero, it does not mean that the function
is zero for a hadron as a bound state of quarks and gluons. In the matching of Pretzelosity function to
the twist-2 transversity parton distribution, the transverse momentum of the struck quark connected to
the black box in Fig.1 is neglected. Taking the momentum into account, one obtains nonzero result of
h⊥1T . The contribution to the defined M
µ in Eq.(2) from Fig.1 is:
Mµ(x, k⊥)
∣∣∣∣
F ig.1
=
∫
d4ℓHµν(ℓ)
∫
d4ξ
2(2π)4
e−iℓ·ξ〈h(P, S⊥)|ψ¯(ξ)iγ5σ+νψ(0)|h(P, S⊥)〉, (16)
where the Fourier- transformed matrix element is represented by the black box in Fig.1. Hµν is given by
the upper-part of diagrams in Fig.1. It is
Hµν(ℓ) = Tr
{
iγ5σ
+µ
[
iγ · (ℓ− kg)
(ℓ− kg)2 (−igsT
aγρ) +
i
u · kg (−igsu
ρ)
]
1
2Nc
iγ5σ
−ν
[
(igsT
aγρ)
−iγ · (ℓ− kg)
(ℓ− kg)2 +
−i
u · kg (igsT
auρ)
]}
1
2k+g
, (17)
with kg as the momentum of the gluon crossing the cut. Its components are given by k
+
g = ℓ
+−xP+ and
kµg⊥ = ℓ
µ
⊥ − kµ⊥. To obtain the contribution from twist-2 transversity, one only keeps the leading order of
the collinear expansion by expanding Hµν(ℓ) around ℓˆ = (yP+, 0, 0, 0). At the leading order, as we have
already shown, the contribution is zero at any order of αs. But, beyond the leading order of the collinear
expansion the contribution is not zero. We write the expansion as:
Hµν(ℓ) = Hµν(ℓˆ) +
1
2
ℓα⊥ℓ
β
⊥
∂2Hµν
∂ℓ⊥α∂ℓ⊥β
(ℓˆ) + · · · , (18)
where · · · denote irrelevant terms or higher orders. Taking the second term in the expansion, one obtains
nonzero contribution to Pretzelosity function. The second term is given by:
∂2Hµν
∂ℓ⊥α∂ℓ⊥β
(ℓˆ) = gµν⊥
8g2sCF
P+(k2⊥)
3
{(
kα⊥k
β
⊥ +
1
2
k2⊥g
αβ
⊥
)[
4x3
y3(y − x)+ + δ(x− y)
(
2 ln
y2ζ2u
k2⊥
+ 1
)]
6
+gαβ⊥ k
2
⊥
[
x2(y − 2x)
y3(y − x)+ −
1
2
δ(x − y)
(
ln
y2ζ2u
k2⊥
+ 1
)]}
, (19)
where we have taken the limit ζ2u →∞. The divergent terms with ln ζ2u represent light-cone singularities.
The terms in the first line of the above equation gives the contribution of h⊥1T at leading power and
leading order of αs. The terms in the second line gives a part of contribution to h1 at the next-to-leading
power. We parameterize the matrix element involved here as:
∫
dλ
4π
e−ixP
+λ〈h(P, S⊥)|ψ¯(λn)L†n(λn)iγ5σ+ν ∂˜α∂˜βLn(0)ψ(0)|h(P, S⊥)〉
= Sν⊥g
αβ
⊥ T1(x)+
(
Sβ⊥g
αν
⊥ + S
α
⊥g
νβ
⊥ − gαβ⊥ Sν⊥
)
T2(x), (20)
with the derivative ∂˜µ defined as:
f †(x)∂˜µg(x) =
1
2
[
f †(x)∂µg(x)−
(
∂µf(x)
)†
g(x)
]
. (21)
The matrix element is defined with twist-4 operators. T1,2(x) are twist-4 parton distributions. At the
leading power and leading order of αs we have the contribution to h
⊥
1T :
h⊥1T (x, k⊥) = −
8g2sCF
(k2⊥)
3
∫
1
x
dy
[
4x3
y3(y − x)+ + δ(x− y)
(
2 ln
y2ζ2u
k2⊥
+ 1
)]
T2(y) + · · · . (22)
In the above equation only the contribution from the twist-4 parton distribution T2 is given explicitly.
Hence, Pretzelosity function is matched to twist-4 parton distributions as expected in [26]. In Fig.1 only
those twist-4 matrix elements consisting a pair of quark fields are considered. There are twist-4 matrix
elements consisting a pair of quark fields combined with one- or two gluon field strength operators. The
contributions from these twist-4 operators are denoted as · · ·. A complete matching by including all
contributions is beyond the scope of this letter. We leave this for a future work.
Instead of giving a complete matching, we show here that Pretzelosity function of a quark combined
with a gluon is nonzero through an explicit calculation. Such a state with the superposition of a single
quark state is useful for studying and understanding single transverse-spin asymmetries as shown in
[27, 28]. Following [27, 28] we construct the following state:
|n[λ]〉 = |q(p, λq)[λ]〉 + c1|q(p1, λq)g(p2, λg)[λ]〉, (23)
with p1 + p2 = p. The helicity of the system is denoted as λ in [· · ·]. In the first term λq = λ. The
qg-state has the total helicity λ = λq + λg. The state is in the fundamental representation in the sense
that its wave function is given by:
〈0|Ga,µ(x)ψ(y)|qg〉 = T aǫµ(λg)u(p, λq)e−ip1·y−ip2·x, |qg〉 = |q(p1, λq)g(p2, λg)〉. (24)
We specify the momentum as:
pµ = (p+, 0, 0, 0), pµ1 = x0p
µ, pµ2 = (1− x0)pµ = x¯0pµ. (25)
Now we consider Pretzelosity function of such a multi-parton state. The result shows some interesting
aspects of Pretzelosity function. We describe the spin of the state by a spin density-matrix in the helicity
space. The non-diagonal part of the density-matrix corresponds to the state with transverse spin. Because
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the operator O used to define Pretzelosity function is chirality-odd, the helicity of the quark has to be
flipped. Then we find that only the qg-component in the state of Eq.(23) gives possible contributions,
in the case that the single quark state does no contribute as shown in the above. We need to calculate
those matrix elements:
〈q(p1,−)g(p2,+)[+]|O|q(p1,+)g(p2,−)[−]〉, 〈q(p1,+)g(p2,−)[−]|O|q(p1,−)g(p2,+)[+]〉. (26)
From these matrix elements one can extract Pretzelosity function.
(a) (b) (c) (d) (e)
Figure 2: Diagrams for the contributions to Mµ
The contributions to our Pretzelosity function are divided into two classes. One class of contributions
are given by diagrams in Fig.2. In Fig.2 the diagrams represent the amplitude of the transition of the
qg-state into one gluon through the operator L†u(0)ψ(0). In this amplitude, the initial gluon participants
interactions. From Fig.2 we obtain the non-diagonal part of the spin density-matrix hence Pretzelosity
function. The calculation is straightforward. We obtain:
h⊥1T (x, k⊥)
∣∣∣∣
F ig.2
= |c1|2g4s
(
1
k2⊥
)3 (1− x)2
1− x0
[
− 4CF
Nc
(1− x0)2 +N2c
x0(x0 + x+ xx0 − x20)
(1− x0)(x− x0)
+
2x− x20 + xx0
x− x0 − 2NcCFx0(1− 2x0)
]
+O(ζ−2u ), (27)
where we have taken the limit ζ2u → ∞ or u+ → 0. This contribution is for 0 ≤ x ≤ 1. Another class
of contributions is from interferences of amplitudes where the initial gluon in one of amplitudes is a
spectator. There are too many diagrams involved. But they give contributions only for 0 ≤ x ≤ x0.
Therefore, our calculation in the above shows that Pretzelosity function is not zero for a state of a single
quark combined with a gluon. In reality, quark-hadron correlations inside a hadron will generate in
general nonzero Pretzelosity function.
From the result of calculating twist-4 contributions in Eq.(22) the large-k⊥ behaviour of Pretzelosity
function is predicted as 1/(k2⊥)
3. This behaviour is also consistent with our result for the quark-gluon
state in Eq.(27). The behaviour is expected in the absence of twist-2 contribution, as discussed in [7]. In
this letter we have shown that the twist-2 contribution is in fact zero. The k⊥- behaviour derived in this
work will be useful for constructing models of h⊥
1T .
To summary: We have shown that the TMD Pretzelosity parton distribution of a single quark is
zero at any order of QCD perturbation theory in the limit of zero quark mass. If one uses dimensional
regularization for collinear divergences, the perturbation coefficient function in the matching of Pret-
zelosity function to the collinear transversity parton distribution is zero. Pretzelosity function should
be matched to collinear parton distributions defined with twist-4 operators. We have shown through an
explicit calculation that Pretzelosity function of a quark combined with a gluon is not zero. From our
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analysis of contributions only involving twist-4 operators of quark fields or our explicit calculation, the
large-k⊥-behaviour of Pretzelosity function is obtained.
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